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3.2 Evolutionary Algorithm

The evolutionary algorithm is the second core part of the implementation. It is
responsible for finding the best wheels and does so by testing each wheel it comes
up with in the simulator.

3.2.1 Approach

There were two possible approaches here: write everything from scratch, or reuse
existing implementations from elsewhere. A lot of the things needed for this
project, like the different crossover and mutation operators, the genotype repre-
sentations and some of the algorithms are fairly standard. Reusing these from
other projects would free up time for the more interesting aspects of this project,
and there is no need to reinvent the wheel.

Therefore, some time was spent looking at existing EA implementations. While
many have written their own EA and published it, few have written one with
multiobjective capabilities. After some searching, MOEA Framework [12] was
chosen. It is open source, which makes it possible to modify and/or extend its
features to fit the needs of this project. It is written specifically for solving
multiobjective problems using evolutionary algorithms, and the structure of the
source code looked like it would be easy to modify.

The MOEA Framework has a lot of the needed features out of the box: NSGA-
II, NSGA-III, most of the operators and the indicators. However, it still needed
modifications to fit this project.

3.2.2 Implementation

The MOEA Framework contains a ”diagnostics tool”, which basically is a small
GUI where one can select which problem and algorithm to run and view some
results. This tool has been extended significantly.

The diagnostics tool was originally made to test the algorithms, and so the out-
put from it is not very useful. It is just a list of numbers of the found solutions.
Therefore, a way to visualize the evolved wheels were implemented. This visual-
ization consists of a list of all the found non-dominated solutions. Selecting one,
the wheel it represents is shown.

The number of solutions found can be in the hundreds. Many of these will
represent wheels with almost the same scores in the various objectives. For a
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human, wading through all these to make a final decision about what wheel(s)
to use can be daunting. One cannot instruct the EA to only evolve a few wheels,
however, as it needs a big population to guide the search.

The approach used by [6] Deb and Goel and discussed in section 2.5 has been
implemented to alleviate this. When the EA is done, the user, or decision maker,
has the opportunity to reduce the set of solutions to an appropriate size. This
reduction is done by adding each solution to a separate group, and then merge
groups that are close to each other until the number of groups is the same as
the wanted size. Then the solution closest to the center of each group is found,
and these solutions will be the reduced set. This set will then have most of the
interesting tradeoffs, and a size that is small enough for a human to base decisions
on.

A task manager has been implemented and added to the GUI. This allows the user
to queue up multiple runs with different parameters and then return a few days
later and view all of the results. This saves the user from having to constantly
monitor the EA and start a new run when one is finished.

The MOEA Framework has also been extended with new ”problems”, that handle
the setup of the wheel-optimization problems to run. A problem defines the wheel
representation the EA should use, how it should evaluate a solution, what the
reference set is and other problem specific things. Exactly what these problem
definitions are for this project is defined later in this chapter.

In addition to this, a way to parallelize the EA has been implemented.

3.2.3 Parallelization

For each generation in an evolutionary algorithm, possibly hundreds of individuals
have to be evaluated. The algorithm is also run for hundreds of generations, and
then the algorithm itself is run 10-20 times to get enough statistical data. With
each wheel taking almost a second to simulate in the simulator, this can take a
very long time.

To speed up the EA, it is natural to consider parallelization. Since each individual
in an EA is evaluated independently, this part of the algorithm is very easy to
do in parallel. There is always some overhead when parallelizing, but in cases
like this, where each evaluation takes a long time, this overhead is negligible in
comparison.

One way to do this would be to use island models, as used by Eby et al. [5] and
discussed in section 2.5. With this, separate EAs would be run on different com-
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puters, and once in a while they would communicate and transfer good solutions
to each other. However, what made using this island model so good, was that
they could run a simple evaluation in some of the islands, and only pass good
solutions to islands running a more complex evaluation. Since the implemented
simulator really only runs evaluations at one ”level”, this will not give as good
results for this project. So the implementation of this was scrapped

Master/Slave

Instead, a simpler master/slave model was used. The EA works as a master,
requesting its slaves to evaluate the various lacing patterns it comes up with.
This layout is shown in figure 3.8 later in the chapter.

The slaves are just a simple wrapper around the wheel simulator. This wrapper
will start the simulator, and then start asking the EA for wheels to evaluate.
When it gets a lacing pattern, it gives the pattern to the simulator, waits until
the simulator is done and return the results to the EA. This communication is
done via sockets, and the data sent back and forth are JSON strings of the values.
When starting a slave, one has to provide the IP-address of the computer running
the EA, to initialize the connection.

The master is a bit more advanced. To make the distribution as transparent
as possible, a Distributer poses as an evaluator. However, instead of evaluating
any solutions, it adds them to a queue. When a slave connects to the master, a
WorkerCommunicator is created in the master. This Communicator constantly
polls the queue for unevaluated solutions. If it finds one, the solution is sent
to the slave it is communicating with for evaluation. When the results of this
evaluation arrive, the Communicator makes sure it is coupled with the correct
solution. When the queue is empty and all solutions have been evaluated, the
Distributer will pass the solutions and their results to the problem being run, to
get assigned the objective values.

The results were very good. For instance, distributing the work to 12 slave
simulators reduced the time spent per generation by a factor of about 11. This
speedup made it possible to run more tests than planned, and run each test
multiple times to get statistically significant data.
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3.3 Representations

This section contains the details of how the problem is represented and how the
wheels are tested.

3.3.1 Wheel Tests

Test Scenario

A wheel will be tested in a scenario in the simulator. After each step, Simula-
tionData is recorded. This data is the current position and orientation of the
rim, and the force in each spoke. Figure 3.6 shows the axes and rotation in the
simulation world.

Figure 3.6: The axes of the wheel. Showing both axes of translation and rotation.

The wheel will be subject to various forces during the scenario. One force is
applied along the Y and X axes, to test the strength of the wheel. The reason for
doing multiple tests of the same force from different directions, is to make sure
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the EA do not end up building wheels that are very strong in only one direction,
as EAs are known to exploit loop-holes like this. The torque forces will test how
well the wheel can handle breaking or pedaling. Between each force, the wheel
is reset by simulating it without any external forces for a couple of seconds. The
time units are in respect to the time inside the simulation world.

The scenario:

• Simulate the wheel just hanging from the hub for 1 second, to make it
converge to an initial position.

• Gather data for the initial position.

• Apply force on the rim along the X axis for 3 seconds, gather data.

• Reset by waiting 1 second.

• Apply force on the rim along the Y axis for 3 seconds, gather data.

• Reset by waiting 1 second.

• Apply force on the rim opposite direction of the X axis for 3 seconds,
gather data.

• Reset by waiting 1 second.

• Apply force on the rim opposite direction of the Y axis for 3 seconds,
gather data.

• Reset by waiting 1 second.

• Apply torque to the rim around the Z axis for 3 seconds, gather data.

• Reset, this time wait 3 seconds as it takes longer for the wheel to return to
the initial position after being rotated.

• Apply torque to the rim around the Z axis, but the opposite direction
this time, for 3 seconds.

When the scenario is finished, we have a list of SimulationDatas.

Simulator Output

To make meaning of all the data, some calculations are done on it. These cal-
culations give what is considered the result of the simulation, and will be called
SimulationResult.
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The SimulationResult contains:

• MaxDstXY, which is the max distance the rim moved from the center in
the XY-plane during the scenario.

• MaxDstZ is the max distance the rim moved in the Z axis from the initial
position. This is done because the dish of the wheel is unimportant. If the
rim starts with a dish to the right, that is fine as long as the rim stays to
the right during the scenario.

• MaxRotX, MaxRotY and MaxRotZ is the max rotation the rim had.
MaxRotZ is similar to MaxDstZ as in that we calculate it from the initial
rotation. MaxRotZ tells how well the wheel could withstand the torque
applied in the scenario.

• SpokeMax is the highest force seen in any spoke at any time during the
scenario.

• SpokeMaxDiff is the biggest difference in forces any spoke had.

3.3.2 Problem Representation

Two problem representation will be used, one having four objectives and one
having two. These will be named OBJ4 and OBJ2, respectively. The reason
for testing with two different number of objectives is to see what difference this
makes when solving the problem. Is it really necessary with a many-objective
representation, or could it be solved with a simpler, multi-objective representation
and algorithm? The more objectives, the harder the search will be. However,
representing a problem with fewer objectives means that it may not be able to
optimize it in all aspects. So there is an interesting tradeoff there.

For both representations, the goal is to minimize the various objectives.

OBJ4

Based upon the values from a SimulationResult, the four objectives are:

• Dst =
√
MaxDstXY 2 +MaxDstY 2, combining the distances to one using

Euclidian distance.

• Rot = MaxRotX + MaxRotY, combining two of the rotations to one. This
combined value tells how much the wheel is displaced while under external
forces.
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• RotZ = MaxRotZ, keeping this as a separate objective, as one of the steps
in the scenario is to rotate the wheel around the Z axis. This makes the
rotation in Z measure something else than the other rotations, namely how
well the wheel withstands torque.

• Spokes = SpokeMax + SpokeMaxDiff, combining the two spoke measure-
ments to one.

The reason for ”only” using four objectives, not all the seven values in the Sim-
ulationResult, is that many of these values are positively correlated. E.g., an
increase in MaxDstXY would most likely also lead to an increase in MaxDstZ as
well, so combining them makes sense.

The range of the variables will vary greatly. For instance, the Dst will be some-
where around 0.5 while the forces in the spokes can be around 3500. Some
algorithms may optimize based on the best difference in absolute value, instead
of relative value. For instance, optimize the Spokes value with 0.12, when op-
timizing Dst with 0.11 would be much better relatively speaking. To combat
this, one can normalize the values based on an already known range for them.
However, the creators of NSGA-III say that their algorithm can handle these
differences fine [10], so no tweaking will be done.

OBJ2

The two objectives are defined as:

• Displacement = 25 * MaxDstXY + 1000 * MaxDstZ + 800 * MaxRotX
+ 900 * MaxRotY

• Strength = 1 * MaxRotZ + 0.0045 * SpokeMax + 0.0066 * SpokeMaxDiff

For the four-objective problem it was possible to not scale or normalize the values.
However, for the two-objective problem, multiple values with different ranges are
combined to a single value. If nothing is done to the values prior to combining
them, the biggest value will dominate the others and become more important to
optimize, biasing the search.

The constants are those deemed best after extensive testing. First, ball-park
figures for the constants were calculated using the known ranges for the values
by solving the OBJ4 problem, before they were tweaked during multiple runs.
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3.3.3 Wheel Representation

There are also two different representations for the wheel. In both representa-
tions, the spokes are placed uniformly around the hub. The difference is how
the spokes are connected to the rim. The representations only tell how spokes
on one side of the hub should be, and then the other side is just a mirrored
and slightly rotated version of this. So for a 32-spoked wheel, the representation
would represent the 16 spokes on one side.

The first representation is called REPfree as this representation allows almost all
kinds of wheels to be evolved, for better or worse. The representation is a list of
real values, one value for each spoke. This value indicates the angle of the spoke.
It can have a value from -90 to 90 degrees, where 0 degrees means the spoke is
straight. See figure 3.7a for a visual description. Real rims have pre-drilled holes
for the spokes. This representation gives spokes that connect to the rim in all
kinds of places, and may thus not be possible to build without special-ordering a
rim.

-90°90°

0°

(a) Free

1 2
4
...

3

(b) Permutation

Figure 3.7: The two representations used for the wheels. In (a), each value
indicates the angle of the spoke. In (b), each spoke goes to a spot on the rim,
based on the permutation. In this case, the spot in the permutation for the spoke
had the value 3.
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The second representation has been named REPperm, as it is based on a per-
mutation genotype. For a 32-spoked wheel, the genotype is 16 unique values in
a permutation. Each number corresponds to a position on the rim, all of them
being uniformly laid out. The number in each spot in the permutation then says
which position on the rim the spoke should go. For instance, for the representa-
tion [2, 4, 3, ...], the first spoke should go to position 2 on the rim, the second
spoke to position 4 etc. An example is shown in figure 3.7b. These wheels are
possible to build with existing rims if one has spokes of correct lengths.

The second wheel representation is believed to give better results. It can only
generate lacing patterns where the spokes are uniformly spaced on the rim, so the
representation has a bias for symmetry. And for a wheel, symmetry is probably
a good idea.

Still, it is interesting to see what the EA can find with no bias towards what is
believed to be good solutions. EAs are known to find unconventional solutions
that exploit the problem, so giving it a chance to fully explore the problem is a
good idea. Comparing the performance of the two representation, one can also
see how important the representation is when it comes to getting good results.

3.4 Overview of the system

Figure 3.8 shows the system as a whole. It is not exactly a class diagram, it
focuses on showing the core parts and their interactions on a higher level. The
EA Controller is the core of the EA, handling the setup and the running of
everything. The architecture makes it possible to combine freely various problem
representations, wheel representations (and their operators) and algorithms.

When a new slave is started on a remote computer, it connects to the Distributer
and a new communicator for this slave is created. The diagram shows the in-
teractions to make this distribution work: When an algorithm has a population
to evaluate, it gives the population to the distributor, which adds it to a queue.
The communicators take these solutions and send their angles to the slaves. On
the slave, the test scenario is run. The SimulationData is converted to Simula-
tionResult before being returned. The Distributer takes this result and asks the
Problem being run to convert it to objective values, which is then returned to
the Algorithm.

The intended use-case is to programmatically add ”tasks” to be run and then
start the EA using the user interface. The EA will then run multiple times with
different parameters, problem representations, etc. based on the defined tasks.
When everything is done, plots of the various indicators can be shown. It is also
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possible to open up a window containing a list of all the evolved lacing patterns
and test them in the wheel simulator.

A short video of some of this, most importantly showing the workings of the
simulator, can be seen at http://master.matsemann.com/. The video is also
included in a zip archive as part of the delivery of the thesis.

3.5 Experimental Plan

This subsection lists the experiments to be run and their configurations.

3.5.1 Parameters

There are a lot of variables and parameters, both in regards to the simulator
and the EA. For the simulator, most of these are simply defined, but for the EA
extensive testing had to be done to find the parameters yielding the best results.

Evolutionary algorithm parameters:

• Population size of 100. A smaller population gave better results early in
the run, but would quickly get stuck. A bigger population would converge
very slowly, but not find any better solutions than a population of 100.

• Run for 200 generations, for a total of 20 000 wheel evaluations each run.
After 150 generations, most runs have found the best solutions they can
find and are stuck.

• 52 remote simulators were used during the runs.

• Run each algorithm/variation 20 times. Since evaluating a wheel in the
simulator takes a lot of time, the runs need hours to complete. The dis-
tributed architecture is what made it possible to run each algorithm so
many times, which should give enough data to draw conclusions based on
the results.

• Simulated Binary Crossover and Polynomial Mutation are used when the
wheel representation is REPfree. For SBX, the crossover rate is 1, meaning
that all solutions will be subject to crossover. As both the NSGA algorithms
contain an archive of the best non-dominated solutions so far in the run,
picking a solution and not modifying it is a waste as we then get duplicates.
Therefore, the crossover rate is high. For the PM, the rate is 1/16, so on
average one variable will be mutated each time. The distribution index,

http://master.matsemann.com/
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Figure 3.8: Overview of the system. The simulator and the core of the EA are
highlighted in orange. The architecture allows combinations of the blue parts to
be used.
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discussed in section 2.2.1, is 20. This makes the mutation keep the values
close to the original values, with a small chance of bigger variations.

• Partially Mapped Crossover, Swap and Insertion are used when the wheel
representation is REPperm. The PMX rate is 1, with the same reasoning
as for SBX. The rates for swap and insertion are both 0.3, as this gave the
best results during testing.

• NSGA-III divisions is 4. NSGA-III divides the objective space, as discussed
in section 2.3.3. The number of divisions was initially set based on a table
in the paper introducing the algorithm [10], and this value ended up being
the best one.

Wheel and simulation parameters:

• 32 spoked wheel, as it is one of the more common types and a nice, round
number.

• Simulated with 60 iterations per second. A higher frequency increases the
accuracy of the simulation, but also the computational cost. There were no
perceivable differences with more than 60 iterations per second.

• Force of 10 000 F was applied to the wheel during the scenario.

• Torque of 45 000 F was applied to the wheel during the scenario.

• Spoke stiffness 1500 F, this is the k in the formula for a spring presented
earlier. The spokes are tensioned 1 unit in length.

• Wheel dimensions: Hub flange radius is 2.25 units, the distance between
the two flanges on the hub is 5.5 units. The radius of the rim is 31.25 units.
These values are proportionate to a real wheel, just using the simulator’s
units.

3.5.2 Experiments to Run

These experiments should answer the research questions defined in the introduc-
tion: investigate how well an evolutionary multiobjective algorithm can solve the
problem, test the performance of NSGA-III, and compare the various approaches.
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Solving the Problem

By running the EA hundreds of times, one should get a lot of data on how well
an EA can solve the problem. Analyzing the problem domain and the solutions
is interesting.

NSGA-II vs. NSGA-III

Compare the results of using the newer NSGA-III algorithm compared to the
older NSGA-II. Based on the results in the paper introducing NSGA-III and the
claims that NSGA-II has troubles handling more than two objectives, NSGA-III
should give better results than NSGA-II. For this test, REPfree and OBJ4 will
be used for both algorithms.

Wheel Representations

REPfree will be compared to REPperm. REPperm is believed to give better re-
sults, as the wheels it produces are biased to be somewhat symmetric. It is
however interesting to see how much difference there is, and if the free represen-
tation can come up with something novel.

Number of Objectives

OBJ2 and OBJ4 will be compared. The best solutions found using OBJ2 will be
recalculated to get OBJ4 values, this allows us to compare the solutions. This
will show if there is any need to model the problem as a many-objective one, or
if two objectives would be enough. The belief is that four objectives should be
best, allowing the algorithm to optimize the wheels in all aspects.
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Chapter 4

Results and Discussion

This chapter displays and discusses the results achieved from the tests introduced
in the previous chapter.

For the plots showing the solutions in the objective space, the ranges of the various
axes may vary greatly. This is not an attempt to make the plots show spurious
relations, but happen because the ranges of the various objectives are different
and not normalized. Also, one should be careful when making assumptions based
on the plots in the objective space for higher dimensions, as will be done here, as
we only see projections of the higher dimensional space onto two dimensions.

The three indicators discussed in section 2.3.4 will be used when comparing var-
ious approaches. For the hypervolume indicator, the goal is to get a high value.
For the epsilon and spacing indicators, the goal is to get a low value. To make
the comparisons, 20 runs of each variation have been done in order to be able to
make conclusions. While it really is the end results of the indicators that matter,
graphs will show how they progressed throughout the runs. The main line is the
median of all the runs and the shaded area covers the first to the third quartile,
so it can be seen as a progressing box plot. Before making any conclusions about
the indicators, the Kruskal-Wallis test will be used on the data to make sure any
differences are statistically significant.

57
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4.1 Solving the Problem

The main goal of the project is to solve the problem of finding good lacing pat-
terns. There are several objectives that should be minimized, in this analysis the
OBJ4 problem representation has been used. The solutions being analyzed are
the solutions in the reference set. This is a set containing all the non-dominated
solutions ever found when running the EA. This includes all kinds of runs using
all representations and algorithms. The differences between representations and
algorithms are discussed later.

4.1.1 The Problem Domain

To explore the problem domain, each objective is mapped against the other objec-
tives to see how they relate. As discussed above, it can be hard to conclude from
these, as we only see slices of a four-dimensional space. The six combinations of
objective pairs and their plots are shown in figure 4.1. A small reminder about
the objectives: Dst is the distance the rim moves from the center, indicating the
strength of the wheel, Rot the rotation of the rim during forces, RotZ how much
the wheel rotates around the Z axis when torque is applied, Spokes how well
distributed the load on the spokes are.

Plot (a) in figure 4.1 shows Dst mapped against RotZ. The conventional wisdom
about bicycle wheels is that one can have a tangentially laced wheel, like 3x, and
have a good (low) RotZ, or one can have a radially laced wheel and have a good
Dst. But not have both at the same time. Therefore, one would expect the trend
to follow an asymptotic line, where a decrease in one leads to an increase in the
other. However, the trend line in plot (a) seems to show something else. It looks
like wheels with arbitrary combinations of RotZ and Dst can be made, without
any tradeoffs between them. Should we rewrite the books about wheel building,
or is there something wrong with the simulator? A closer look on the solutions
says that neither of these options are true. The solutions that have low values
for both RotZ and Dst have incredibly bad values for the two other objectives. If
we remove solutions where Rot and Spokes are too high, the remaining solutions
lies more along the dotted line in plot (a). Unconstrained the EA is able to build
wheels that by the looks of it defy the conventional wisdom in wheel building.
However, if the solutions are constrained, the known relation between Dst and
RotZ shines through.
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Figure 4.1: Best solutions plotted in the objective space.
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Plot (b) shows Dst mapped against Rot. They are a bit lumped together, but
not in any particular shape. Investigating the plot further, by removing solutions
that were very bad in other objectives, did not expose any underlying relation.
By the looks of it, these two objectives are independent.

In plot (c), one can see that Spokes and Dst are positively correlated. A decrease
in one leads to a decrease in the other. This makes sense, as to get a low Dst,
a wheel needs many spokes working together to withstand the forces. Moreover,
many spokes working together will also distribute the tension between the spokes,
leading to a low Spokes value. It is interesting to see that the values decrease
together from two directions. This happens because of tradeoffs in the other,
unseen objectives.

Rot vs. RotZ is shown in plot (d). One objective can be decreased much without
any big increase in the other until a certain point is reached. After this point, an
improvement in one leads to a huge disimprovement in the other.

In plot (e), we again see a positively correlated relation, this time between Spokes
and RotZ. The reasoning here is similar to the one for Spokes and Dst. The wheel
needs several spokes working together to withstand the torque applied to the rim
to not be rotated that much. This also leads to a low Spokes value.

The last plot, (f) shows Spokes mapped against Rot. Here we can see that a
small decrease in Rot leads to a huge increase in Spokes.

An interesting remark is that while a decrease in Dst gives a decrease in Spokes
(c), and a decrease in Spokes gives a decrease in RotZ (e), a decrease in Dst does
not give a decrease in RotZ (a). This also happens with other combinations of
objectives. So the relations are clearly not transitive in this regard.

4.1.2 The Evolved Wheels

The EA was successful in evolving good lacing patterns, even given the computa-
tional constraints of evaluating each wheel and the incredibly huge search space.
Some evolved wheels can be seen in figure 4.2.

As can be seen in the figure, the EA managed to find the 3x laced wheel discussed
earlier. It ended up as one of the non-dominated wheels in the reference set. As
any other wheels did not dominate it, the EA did not find a wheel that can be
said to be better than the 3x laced wheel already used heavily on today’s bicycles.
So, while no breakthrough in the bicycle world has been made, this proves that
the wheels evolved match real-life and that this approach worked well.
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(a) (b)

(c) (d)

Figure 4.2: Some of the evolved wheels. (a) the EA found the 3x wheel, here only
showing spokes on one side, (b) an interesting wheel with good tradeoffs, (c) a
wheel exploiting the simulator, (d) an unconventional wheel with okay results.
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The 3x laced wheel found has low values for Spokes and Rot. It also has a low
value for RotZ, but only a medium good value for Dst. The wheel in figure 4.2b
is also non-dominated, and therefore as good as the 3x wheel in the eyes of the
EA. This design is interesting, it has four groups of spokes where the spokes in
each group cross each other. Compared to the 3x wheel, this gives a better Dst
value, but a slightly worse RotZ. So the tradeoff here is strength vs. withstanding
rotations.

The weird looking wheel in figure 4.2c is also non-dominated. It has a low value
for Dst, and it is easy to see why: The strength of the wheels are tested in the
simulator by pushing from four directions. This wheel has been evolved to have
all spokes pointing in these four directions, countering the pushes very well. This
wheel fails in all other objectives, so no one would probably ever use a wheel like
this. This wheel has been included to show some of the pitfalls of evolutionary
multiobjective optimization. Namely that a wheel only focusing on one objective
will become non-dominated but not very good, and that the evolutionary process
is good at exploiting the fitness assignment procedure, in this case, the simulator.

The wheel in figure 4.2d is another non-dominated wheel found by the EA. It
has some interesting properties. Compared to the other three wheels shown, this
is far from having any kind of symmetry. It has a medium Dst value, a low
Spokes and RotZ value, but a very high Rot value. So the wheel is good in most
regards, except that it wobbles a bit from side to side. This is probably the lack
of symmetry that makes the wheel a bit angled.

A couple of hundred additional non-dominated wheels have also been found.
Many of these wheels are very similar to each other, though. This similarity hap-
pens because a small change to a wheel can make it a bit worse in one objective,
but also a bit better in another objective. Then the new wheel is not dominated
by the previous wheel. For the wheels shown in figure 4.2 there exist several non-
dominated wheels with only small variations. The reduce functionality added
to the EA was very helpful. It made it possible to reduce the reference set to
only a few solutions, showing most of the various kinds of wheels evolved and the
different tradeoffs.

Additional wheels and the objective values for the shown wheels can be seen in
appendix C.
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4.2 Comparing NSGA-II to NSGA-III

The new NSGA-III was compared to the older NSGA-II over 20 runs, each using
the same problem representations and parameters.

4.2.1 Results

Figure 4.3 shows the three indicators throughout the runs. All of them improve
until about evaluation 15 000 (generation 150 with a population size of 100) where
they stagnate. The plots also show a close-up of the end results, which is what
really matters. All of the end-of-run values can be seen in appendix B.

The median lines for hypervolume are almost identical, and according to the
Kruskal-Wallis test they are indifferent. So we can conclude that the hypervolume
is probably equal.

For epsilon, the NSGA-II is much lower than NSGA-III. The test says that there
is a significant difference, so NSGA-II is better.

For spacing, the median of NSGA-III is lower than the median of NSGA-II.
However, the box showing the first to third quartile is much bigger for NSGA-III.
Because of this, the test says that the median actually may be equal, and that
one cannot draw any conclusions that NSGA-III is better.

So to sum it up, the algorithms are deemed equal for spacing and hypervolume,
while NSGA-II has a better epsilon value.

4.2.2 Discussion

The difference between NSGA-III and NSGA-II is how they select solutions within
a given rank. NSGA-II sorts them based on the size of a cuboid and picks those
with the largest one, while NSGA-III tries to pick solutions uniformly from the
objective space using reference points. More details can be found in section 2.3.3.

NSGA-III was thought to be best. In the paper introducing it, it is tested on
multiple example problems and is there clearly much better than the other algo-
rithms. However, the results here show differently. NSGA-II is actually slightly
better at this problem. What is causing this needs to be discussed.

One theory may be that the fitness landscape, discussed in the previous section,
erases some of the differences between NSGA-II and NSGA-III. NSGA-II will
sometimes have problems handling more than two objectives, which does not
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Figure 4.3: Plots showing the indicators during multiple runs of NSGA-II and
NSGA-III. Zoomed in on the end result.
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happen here. This may be because not all objectives are negatively correlated,
as shown earlier. So the problem may not be as hard as a four-objective problem
where there are strict tradeoffs between each objective, making the NSGA-II over-
perform. The NSGA-III algorithm was in the paper mostly tested on example-
problems where the objective space is very uniform. The objective space here
is clearly not uniform or nicely shaped, which may render its way of picking
solutions useless.

One challenge to the validity of the results is that there is no reference imple-
mentation of NSGA-III, while one exists for NSGA-II. This means that the cor-
rectness of the NSGA-II implementation used has been verified to be correct, but
not the NSGA-III implementation. However, the NSGA-III implementation used
has been tested on the same example-problems used in the paper introducing it,
and the results on those problems were similar to those claimed. Therefore, it is
believed that the NSGA-III implementation should be mostly correct.

A second challenge could have been that NSGA-III is better, but that given the
number of generations both the algorithms converge to similar solutions over
time. For instance, the NSGA-III could have found optimal solutions after 50
generations, and NSGA-II first after 200 generations. If the results were measured
after 50 generations, NSGA-III would then have been deemed better. However,
the plots in figure 4.3 clearly shows that both algorithms improve at the same
rate and have converged long before the search is discontinued, so the results
from the indicators should be valid.

While this discussion may explain why NSGA-III does not perform better, it does
not excuse it. Other real-life problems will probably be similar to this problem:
having a complicated, non-uniform objective space. This means that NSGA-III
may not be an improvement over NSGA-II, other than on made up example-
problems.

4.3 Comparing the Wheel Representations

The two representations, REPfree and REPperm, discussed in section 3.3.3, have
been compared.

4.3.1 Results

Figure 4.4 shows the three indicators throughout 20 runs of each representation.
For both the hypervolume indicator and the epsilon indicator, REPperm quickly
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Figure 4.4: Indicators comparing REPfree and REPperm.
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becomes better than REPfree. At the end of the runs, the difference is significant.

The spacing indicator starts with a higher value for REPfree, but halfway in the
run both representations are fairly equal. By the end, REPfree is a bit lower
than REPperm, and according to the statistical test this difference is significant.

REPperm is much better in hypervolume and epsilon, while REPfree has slightly
better spacing values. The difference in spacing values is very small compared to
the differences in the two other indicators. It is therefore concluded that an EA
using REPperm finds better wheels than an EA using REPfree.

4.3.2 Discussion

In REPperm, all lacing patterns will have the spokes uniformly spaced on both
the hub and the rim. Having this is probably a good idea for a wheel, all wheels
in use today have it, so this bias in the representation is probably what makes it
better.

It is also possible for the free representation to build wheels like this, but they are
only a small part of the incredibly huge search space. The angle for each spoke
in REPfree has 232 possible values, and for 16 spokes this give a search space of

232
16

possible lacing patterns. While there for REPperm is ”only” 16! patterns.

It is harder for the free representation to mutate a lacing pattern to a better
one. Moving a single spoke in a good wheel will probably make it worse, as it is
dependent on the position of other spokes. It becomes a kind of local optimum
that needs big changes to get the wheel out of. So, to evolve a new and better
wheel, multiple changes at once may be needed. However, the chance of mutating
multiple spoke angles such that the wheel becomes a good one is very small.
REPperm does not have this issue, mutating it will make some bigger changes
but at the same time preserve the uniformity of the wheel.

However, only being able to make these bigger changes is probably what makes
the spacing value worse for REPperm. The free representation can make small
adjustments and thus create wheels that cover segments of the objective space
the permutation representation is unable to.

The wheel in figure 4.2c shows an interesting aspect of the free representation.
The EA has here exploited the fact that the simulator tests the wheel by applying
forces from four directions. The free representation evolved several wheels that
were very good in only a single objective, which was almost impossible with
the other representation. While these wheels are almost useless, they can show
interesting aspects of the problem being solved. The wheel just mentioned shows



68 CHAPTER 4. RESULTS AND DISCUSSION

that straight spokes lead to a low Dst value, while other evolved wheels show how
angled spokes affect the RotZ value.

To conclude, the REPperm finds better lacing patterns, most likely because of
the smaller search space that has a bias for uniform wheels. This shows that
the representation used when solving a problem is important. However, using
a more free representation can also lead to interesting solutions not previously
considered and reveal important relations in the underlying problem.

4.4 Comparing the Number of Objectives

Two different problem representations have been compared. The goal of this
comparison is to see if there is any use in representing a problem using many ob-
jectives. The two representations are OBJ4 and OBJ2 discussed in section 3.3.2.

4.4.1 Results

Results from two different problem representations can not be compared directly,
as they would be in completely different objective spaces. Therefore, to do this
comparison the best wheels found using OBJ2 has been recalculated and given
an OBJ4 value. Then these wheels can be compared to the wheels found using
OBJ4. However, since this recalculation of OBJ2 wheels needs to happen after
the EA is complete, there is no data on how the indicators progressed during
the run. Box plots of the end result, comparing OBJ4 and OBJ2, can be seen in
figure 4.5. Data for the plots are found in appendix B.

The hypervolume covered by the solutions found using OBJ4 is clearly bigger
than the one for OBJ2 solutions. The epsilon indicator is fairly equal, with
no statistically significant difference. The spacing looks to favor OBJ4, but the
Kruskal-Wallis test says that the true median may be equal based on the samples.
Therefore, the representations are deemed equal in spacing.

4.4.2 Discussion

The OBJ4 problem representation uses the output from the simulator almost
directly. The OBJ2, however, needs to combine multiple output values in order
to only use two objectives.
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Figure 4.5: Indicators for OBJ2 and OBJ4.

These values are of fairly different ranges, as can be seen in the plots in figure 4.1.
Just adding multiple values of different ranges would give bad results, as the value
with the highest max value would dominate any differences in the other values.
What has been done is to weigh each value when adding them, so that they
should become equally important to optimize for the EA.

Finding the correct weights for each value to make objective values is very hard.
In this case, it has taken hundreds of EA runs with different weights to find what
gave good results.

Compare this to the OBJ4, which needed no tweaking at all and gave better
results, using more objectives is clearly the way to go. In addition, the only
reason such good weights were found for OBJ2 at all, is that the problem had
already been solved using OBJ4. This made it possible to analyze the problem and
guess on initial weights, that later were iterated upon. Without this possibility,
the search space for good weights would probably be too large.

This result is interesting, as it shows that research in many-objective (more than
three objectives) optimization algorithms is important. Many of today’s multi-
objective algorithms have troubles when the problem has more than two to four
objectives, depending on the problem. This experiment clearly shows that reduc-
ing the number of objectives gives sub-optimal results compared to representing
a problem in its ”true” number of objectives.
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Chapter 5

Conclusions

This chapter is the conclusion to the report. The answers to the research questions
are presented first. Then, a discussion about what has been done together with
a comparison of what has been done in other papers is presented. Lastly, the
contributions and future work are discussed.

5.1 Evaluation

5.1.1 Research Questions

The research questions posed in section 1.2 has formed the work and experiments
done throughout the project. They are answered here based on the results in
chapter 4.

Research Question 1

Can an evolutionary multiobjective optimization algorithm be used to optimize
lacing patterns of a bicycle wheel?

The answer to this question is yes, based on the results in section 4.1. The evo-
lutionary approach evolved wheels that were good, it even found lacing patterns
commonly used today. The use of multiple objectives made sure that wheels with
different tradeoffs were evolved.
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Research Question 2
How does the performance of the new NSGA-III EMO algorithm compare to the
older NSGA-II algorithm?

As the results in section 4.2 show, NSGA-III was not found to be better than
NSGA-II in the various indicators. It was even worse in one indicator, the epsilon
distance.

Various explanations for this were suggested and dismissed. Therefore, it is con-
cluded that NSGA-II is better than NSGA-III for this problem.

Research Question 3
How do the representations of the problem affect the outcome?

Two types of representations have been tested, wheel representation and the
number of objectives for the EA.

For the wheel representations, discussed in section 4.3, it was found that having a
representation with a bias for uniformly spaced spokes gave the best results. This
shows how important it is to thoroughly consider the solution representation to
use, as it will determine the quality of the solutions found.

For the objective representation, two versus four objectives were tested. The
results, found in section 4.4, shows that the higher number of objectives made
the EA find the best wheels. This was not given, as a higher dimension also
makes the search harder for the EA.

5.1.2 Summary

The system programmed together with the experiments conducted were able to
answer the research questions. The system consists of mainly two parts, the
simulator and the EA.

The simulator was able to simulate wheels in a manner mostly consistent with
the theory presented in the background chapter. There were some limitations,
mainly from the simulator being programmed using a physics engine instead of
using complex CAE software. Section 3.1.3 discusses this in greater detail.

The EA built upon the work of the MOEA Framework [12], with several own
additions and changes. One of the biggest changes was the introduction of a
way to distribute the simulation of the wheels. Other approaches could have
been some of those discussed in the literature review. Hasenjäger et al. [7] had
a simulation that took over two hours per solution. To minimize the number of
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simulations they used an algorithm that calculated the covariance between the
objectives in order to adapt the search to promising regions of the search space.
Eby et al. [5] used island models with various complexities of the simulation.
Neither of these methods was used in this project. The covariance method was
not needed, as the simulation in this case took much shorter time than two hours.
The simulator could not run at different resolutions, so island models would not
be useful as well.

Hasenjäger et al. tried to solve their problem using both a normal EA and a mul-
tiobjective one. They found the solutions from using multiobjective optimization
to be best. This is in line with the tests in this project, where OBJ4 was found
to be better than OBJ2.

Advanced variations (crossover and mutation) for the genotypes were used. Poly-
nomial mutation and SBX were used for the real values. Swap, Insertion and
Partially Mapped Crossover were used when the genotype was a permutation.
These variations are some of the more commonly used variations, used in many
other papers dealing with evolutionary optimization. The reduce procedure from
Deb and Goel [6] was implemented. It reduces the solution set to a set containing
the most interesting solutions, making it much easier to get an overview of the
evolved solutions and the properties of the problem.

The results were tested to see if they were statistically significant before drawing
any conclusions. This is needed because an EA is highly stochastic, and helps
ensure that the answers to the research questions should be valid.

5.2 Contributions to the field

A complicated real-life optimization problem has been solved using evolutionary
multiobjective optimization algorithms. It has been shown how important it is to
consider the representation of solutions, as this can guide the EA more efficiently
in the search. Representing the problem with more objectives gave better wheels,
indicating that using a multiobjective approach should be done when possible,
and that further research on these kinds of algorithms is important.

This thesis is one of the first applications using the new NSGA-III algorithm
on a real-life problem, possibly its first use in optimizing a mechanical structure.
NSGA-III was found to be no better than NSGA-II on this problem, which differs
from the results of using these algorithms on academic example-problems. As it
is the results on real-life problems that ultimately matter, the results presented
here should be considered when selecting algorithms for future problems.
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5.3 Future Work

5.3.1 Problem Domain

While the wheel simulator worked satisfactorily and was able to properly simulate
the wheels, it still has some limitations as discussed earlier. What is possible to
do using a physics library has probably been done, so to take this further, wheels
should be simulated inside advanced CAE software.

Such software would make it possible to have bendable rims and spokes, measure
air resistance and stress in the metal, and other topics not covered in this thesis.
This is a significant increase in complexity, and the simulations would probably
take hours.

It would also be interesting to model more parameters in addition to the lacing
pattern. For instance, hub flange radius, the distance between the flanges, tire
type, tire pressure, and radius of the rim. Most of these would not be possible
to model inside the current simulator, or at least not lead to any measurable
differences. However, a more advanced CAE simulation should be able to handle
this.

5.3.2 EA

A more advanced simulator would also need changes to the EA. Fewer evaluations
would be possible per EA run, as the time per evaluation increases. To overcome
this, the covariance approach used by Hasenjäger et al. could be investigated
further.

However, if one has two simulators, one simple and one advanced, using island
models is a good idea. Instead of distributing simulators on multiple computers,
as done in this project, one would here distribute separate EAs across the com-
puters. Some of the EAs would run the simple simulator and pass good solutions
found there to EAs running the more advanced simulator.

One of the drawbacks of using multiple objectives, and often basic EAs as well, is
that a big population and, therefore, many evaluations are needed. For optimiz-
ing mechanical structures, this would often make an evolutionary multiobjective
approach unfeasible. However, today’s computers are powerful enough that run-
ning thousands of simulations is possible. More problems should be solved using
an evolutionary multiobjective approach in the future, instead of manually testing
a few variations in some CAE software.
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As for algorithms, it would be interesting to see the performance of more algo-
rithms on this problem in addition to the NSGA variants tested. It should also
be investigated if the results of NSGA-III found in this project happen when used
to solve other real-life problems as well, to determine if it really is no better than
NSGA-II.
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Appendix A

Source Code

This appendix gives a quick overview of the source code and how to run it.

A.1 Getting It

The code is included with the delivered zip archive, but can also be found online
on http://master.matsemann.com/.

The project uses Maven to manage dependencies (libraries and frameworks used),
compile, build and run the code. This means there is no complicated setup, one
just has to have Maven installed, which is very common for Java developers.

A.2 Running It

Note: This describes how to compile and run the code, which is needed when
changes to it are made. If you’re only interested in running the code unmodified,
pre-compiled code is included in the folder compiled.

The code can be run in three different modes. EA-mode launches the EA inter-
face, in which the various problems and algorithms can be run. Remote-mode
launches an external wheel simulator that evaluates the wheels the EA wants to
test. The normal way to run this project is to start EA-mode on one computer
and Remote-mode on multiple other computers. The algorithms ending with a d
are the distributed ones, these have to be used for the wheel problems.
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There is also a Simulator-mode that just displays a randomly generated wheel in
the simulator. One can add forces to it by holding down ”3” or ”4” on the key-
board while pressing an arrow key. For more ways to manipulate the simulator,
see appendix C.

To run the code, be inside the code folder in a terminal and run one of the
following commands:

EA-mode: mvn compile exec:java -Pea

Remote-mode: mvn compile exec:java -Premote

Simulator-mode: mvn compile exec:java -Psimulator

A better way to run the remote than having to install Maven and compile the
code on multiple computers is to build it:

Build the code: mvn package

This will generate a file named ea-master-1.0-jar-with-dependencies.jar inside the
target folder. This file can then be copied to various computers and started like
a normal program.

A.3 Overview

A small recap of the various folders and files inside the code folder.

data contains the 3D-models used in the simulation.
pf contains reference sets for the various problems.
runs contains saved runs of the EA, see appendix B.
logs contains logs, a new file is generated for each run, useful for debugging.

src/main/java contains all the source code:
org.moeaframework is the modified version of the MOEA Framework.
com.matsemann is the main part of the code, and the two big parts can be found
in com.matsemann.ea and com.matsemann.simulator.
com.matsemann.ea.ipc is the code for distributing the simulations.



Appendix B

Results

B.1 Viewing Results Yourself

Launch the program in EA-mode, as described in appendix A. Go to File, select
Load and select one of the runs in the runs folder. This opens all the data from
the selected run. Graphs can be seen, the evolved wheels, the reference set etc.

B.2 Results From Runs

Listed here are the data from the various runs. The indifferent value states if
the Kruskal-Wallis test applied to the values indicates any significant difference
in the median values, and therefore if any conclusion can be drawn based on the
median value.

NSGA-II vs. NSGA-III

Table B.1 shows the end values for all the runs comparing the performance of
NSGA-II to NSGA-III. These results are discussed in section 4.2.
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Comparing Representations

Table B.2 shows the end values for all the runs comparing the performance of
the permutation wheel representation with the real valued representation. These
results are discussed in section 4.3.

Comparing Number of Objectives

Table B.3 shows the end values for all the runs comparing the performance of
OBJ2 and OBJ4. These results are discussed in section 4.4.
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Hypervolume Add. Epsilon Spacing

NSGA-II NSGA-III NSGA-II NSGA-III NSGA-II NSGA-III

0.792341 0.785902 0.142572 0.157549 0.054284 0.020390

0.788778 0.765387 0.135868 0.165232 0.055828 0.178410

0.742326 0.811469 0.196139 0.118649 0.049734 0.026335

0.750077 0.781115 0.149589 0.159800 0.041457 0.032034

0.737772 0.761211 0.161956 0.167773 0.060676 0.048261

0.763218 0.779413 0.136006 0.178884 0.040546 0.021874

0.816137 0.727471 0.136882 0.191313 0.026539 0.092017

0.767956 0.755884 0.162983 0.185908 0.049378 0.034149

0.778395 0.768529 0.152345 0.169375 0.051005 0.031518

0.717989 0.788265 0.145641 0.130236 0.046393 0.051694

0.654709 0.765412 0.207078 0.159802 0.054472 0.030977

0.804211 0.769462 0.142861 0.161081 0.042559 0.052337

0.767035 0.761003 0.164100 0.157559 0.046455 0.086567

0.780184 0.746461 0.130729 0.181795 0.045492 0.023749

0.763997 0.791925 0.135452 0.166452 0.031378 0.031883

0.741336 0.722007 0.128106 0.200241 0.059819 0.042693

0.768274 0.763428 0.171967 0.175335 0.056579 0.059846

0.829704 0.781481 0.111139 0.176269 0.187506 0.028267

0.818666 0.792123 0.131891 0.164329 0.055505 0.050135

0.771278 0.791885 0.127689 0.149850 0.058297 0.150192

Median Median Median

0.768115 0.768995 0.142717 0.165842 0.050369 0.038421

Indifferent Not indifferent Indifferent

Equal NSGA-II better Equal

Table B.1: End data from 20 runs of NSGA-II and NSGA-III using OBJ4 and
REPfree
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Hypervolume Add. Epsilon Spacing

Perm Real Perm Real Perm Real

0.766810 0.807530 0.108305 0.161363 0.075869 0.025783

0.812854 0.745978 0.120957 0.170985 0.028123 0.038183

0.815733 0.789594 0.096083 0.140015 0.034760 0.030824

0.825263 0.773204 0.133837 0.150245 0.041292 0.067176

0.794687 0.781209 0.120957 0.155384 0.080057 0.016455

0.788488 0.776475 0.132177 0.169771 0.313430 0.019274

0.835741 0.773775 0.113931 0.169693 0.057940 0.038963

0.880343 0.817106 0.074257 0.149529 0.048995 0.009761

0.878272 0.763275 0.087284 0.166300 0.054193 0.027942

0.852341 0.749745 0.079034 0.183630 0.039999 0.016283

0.771241 0.757057 0.132362 0.189829 0.028332 0.018300

0.835206 0.776266 0.102818 0.161590 0.038527 0.096946

0.837898 0.763499 0.087284 0.174729 0.056240 0.022083

0.881057 0.727254 0.074257 0.160132 0.035774 0.022626

0.881951 0.755792 0.075276 0.165162 0.021298 0.026661

0.786276 0.766372 0.120957 0.161368 0.037380 0.023358

0.824144 0.766812 0.134928 0.171495 0.033226 0.042842

0.830325 0.753030 0.081466 0.161463 0.029020 0.035679

0.878856 0.769866 0.069813 0.159598 0.049521 0.070479

0.849566 0.736987 0.104552 0.151988 0.054762 0.056690

Median Median Median

0.832765 0.766592 0.103685 0.161527 0.040646 0.027302

Not indifferent Not indifferent Not indifferent

Perm better Perm better Real better

Table B.2: End data from 20 runs of NSGA-III using OBJ4, comparing the two
wheel representations, REPfree and REPperm
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Hypervolume Add. Epsilon Spacing

OBJ2 OBJ4 OBJ2 OBJ4 OBJ2 OBJ4

0.762617 0.756391 0.186639 0.146573 0.055548 0.054022

0.707475 0.822394 0.148014 0.144881 0.010365 0.225295

0.707147 0.727726 0.153151 0.187868 0.077926 0.018311

0.733011 0.750330 0.181934 0.177876 0.063909 0.020247

0.753991 0.754949 0.168507 0.178587 0.048784 0.035609

0.758128 0.696102 0.138511 0.155855 0.078254 0.047681

0.710637 0.801009 0.150210 0.164536 0.081851 0.041612

0.678579 0.779174 0.201423 0.172084 0.010908 0.035483

0.795440 0.789911 0.105239 0.176276 0.056774 0.016914

0.687864 0.751104 0.162191 0.186871 0.035397 0.032911

0.703862 0.811608 0.213132 0.149380 0.035104 0.016943

0.753552 0.784103 0.130345 0.141395 0.027111 0.041785

0.699824 0.792749 0.212317 0.151234 0.019424 0.094245

0.730803 0.745243 0.150115 0.177607 0.049806 0.023379

0.763905 0.810274 0.122665 0.153354 0.035346 0.069321

0.737178 0.759274 0.145356 0.130992 0.094366 0.023146

0.738307 0.791003 0.171760 0.156187 0.064188 0.027929

0.775155 0.762083 0.155799 0.188362 0.036773 0.035578

0.572808 0.759444 0.229853 0.193054 0.071854 0.013564

0.768433 0.803104 0.130404 0.144816 0.021570 0.040295

Median Median Median

0.735094 0.770628 0.154475 0.160361 0.049295 0.035530

Not indifferent Indifferent Indifferent

OBJ4 better Equal Equal

Table B.3: End data from 20 runs of NSGA-III using REPfree, comparing the
two problem representations, OBJ2 and OBJ4.
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Appendix C

Additional Wheels

This section lists some of the evolved wheels and their objective values. The
values can be seen in table C.1. The value in the Wheel column refers to which
wheel it is in figure C.1.

C.1 Testing a wheel

View the results, as described in an earlier appendix. Then right click a result
and select ”Show in Bullet Window”. This will open a window where the evolved
wheels can be selected and played with.

Controls for the wheel simulator:

• Forces: Hold down 3 and use the arrow keys to add forces from various
directions.

• Torque: Hold down 4 and use the arrow keys to add torque.

• Spin: Press and hold R to rotate the wheel

• Camera: Press 1, 2 or 3 on the Num Pad to change views, or rotate it
manually by pressing the left mouse button and dragging the wheel.

• Spokes: Select a spoke using the left mouse button. It can be tightened by
pressing 7, or loosened by pressing 8.
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Wheel Rep Dst RotZ Rot Spokes

a perm 0.40723 10.5278 0.30610 3352.3

b perm 0.40598 12.4745 0.28871 3358.4

c free 0.41560 10.4396 0.30693 3353.8

d free 0.47300 10.3564 0.67224 3566.2

e free 0.44340 10.3938 0.32402 3411.7

f free 0.46970 18.3041 0.18043 4129.6

g perm 0.40666 10.8717 0.31941 3349.2

h perm 0.40689 11.1454 0.26173 3465.0

i perm 0.40910 14.4501 0.23177 3551.8

j perm 0.40960 15.4155 0.21348 3956.4

k perm 0.44138 16.2284 0.20759 4028.6

l perm 0.41027 10.4140 0.42311 3351.5

Table C.1: Objective values for some evolved wheels.
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(a) (b)

(c) (d)

Figure C.1: Some evolved wheels.
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(e) (f)

(g) (h)

Figure C.1: Some evolved wheels.
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(i) (j)

(k) (l)

Figure C.1: Some evolved wheels.


	
	
	
	
	

	
	
	
	

	
	
	

	
	
	
	
	

	
	
	
	

	
	
	


	
	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


	
	
	
	

	
	
	

	
	
	

	
	
	


	
	
	
	

	
	
	
	


	
	
	
	
	

	
	
	

	
	


